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Abstract

We establish a new ionic conductivity model based on the Nernst–Einstein equation in which the diffusion coefficient is derived from

modified double lattice-nonrandom-Pitzer–Debye–Hückel (MDL-NR-PDH) model. The proposed model takes into account the mobility of

the salt and the motion of the polymer host simultaneously by expressing the effective chemical potential as the sum of chemical potentials of

the salt and the polymer. To describe the segmental motion of the polymer chain, which is the well-known conduction mechanism for solid

polymer electrolyte (SPE) systems, the effective co-ordinated unit parameter is introduced. The obtained co-ordinated unit parameter for

each state is used to describe the behavior of the ionic conductivities of the given systems. Good agreement is obtained upon comparison with

experimental data of various PEO and salt systems in the interested ranges.

q 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Polymer-based solid electrolytes are of growing import-

ance in solid state electrochemistry in view of their

applications, the most important of which is for high-

energy-density batteries. The first suggestion for the use of a

poly(ethylene oxide), PEO, based electrolyte came in 1978

[1]. PEO-based complexes are thus the first solvent-free

polymer electrolytes to have been reported and have

received the maximum attention. Their use in lithium

rechargeable batteries are now been proposed for a wide

variety of extremely demanding applications [2,3].

Solid polymer electrolytes (SPEs) have improved safety

for lithium battery compared to liquid electrolytes, but they

are known to result with insufficient performance, especially

due to low ionic conductivity. Researches on the electro-

chemical applications of SPEs have therefore focused on the

ionic conductivity for each complex. Historically, for the

quantitative study of the ionic conduction, the Vogel–
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Tamman–Fulcher (VTF) equation [4] was developed

independently to deal with the viscosity properties of

supercooled liquids. In Armand’s original publications, he

stressed the temperature dependence of the conductivity,

and fitted in terms of the VTF equation [1]. A parallel, but

more sophisticated, set of empirical relationships in the

study of the fluidity of simple hydrocarbon liquids are made

by Willams, Landel and Ferry (WLF) [5]. While VTF and

WLF forms of equations are very accurate for a given set of

measurements, there is no guarantee that the system’s

behavior is governed by free-volume behavior. An

especially clear formulation for free-volume theory was

given by Cohen and Turnbull [6]. Since there was

substantial suitability with the free-volume theory, despite

its seeming complexity, many studies for the configurational

entropy model were made. Adam and Gibbs [7] have

analyzed WLF-type behavior in terms of configurational

entropy, using only some very simplified arguments. A

shortcoming of the entropy model is that like the free-

volume model, it describes the motion of the polymer host

in the polymer/salt complex which constitutes the solid

electrolyte, but not the ionic conductivity itself [8].

Since there is more than one component in the current

SPE systems, composition dependence must be taken into

account in the conductivity models. Angel and Bressel [9]
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rationalize the composition dependence of transport proper-

ties of the bases on the VTF equation. Sørensen and

Jacobsen [10] developed a simple model that accounts

quantitatively for the concentration dependence of the

conductivity of the low-purity-type electrolyte. Systematic

studies of conductivity versus composition and temperature

were made by Chabagno [11] and Fauteux et al. [12]. In

view of their results, the ionic conductivity is a function of

different experimental parameters and thermal history

which strongly influence to a property of the amorphous

phase, ion association, ion-polymer interactions, and local

relaxations of the polymer. Phase characterization,

especially phase diagram representation of PEO/salt

systems, has appeared to be of some importance in the

understanding of polymer electrolytes.

Recently, Kim and Bae [13,14] developed configura-

tional entropy model for conductivities of SPEs that can

express the composition dependence of the given systems

based both on the Adam and Gibbs conductivity model and

on the Flory’s entropy model. To take into account the

pressure effect on the ionic conductivities of the compressed

SPE systems, Ahn et al. [15,16] and Choi et al. [17]

extended Kim’s configurational entropy model with the

entropy derived from various EOSs. However, these models

have the same defect resulted from the Adam and Gibbs

model as mentioned above. It is important in the

conductivity model for SPE systems that the salt effect

must be taken into account because the ionic conduction is

worked by the mobility of salt as well as the segmental

motion of polymer.

The purpose of this work is to overcome the short-

comings of the previous models by taking into account the

salt effect in the conductivity model. We employ the

diffusion coefficient for which the driving force is based on a

gradient of chemical potential. To account for the effect of

both salt and polymer concurrently, the sum of each

chemical potential is differentiated with concentration.

Since the conduction mechanism in SPE is correlated with

segmental motion of polymer chain, the effective co-

ordination between salt and polymer units is taken into

account. Each chemical potential is calculated from the

phase diagram of the given system using Flory’s melting

point depression theory [18] combined with MDL-NR-PDH

model [19]. Combination of the derived diffusion coefficient

equation with Nernst–Einstein relationship yields the final

conductivity equation. Comparison of the developed theory

with experimental data is made for PEO and various salts

systems including sodium and lithium cation.
2. Model description

2.1. MDL-NR-PDH model

In the previous work [19], we established the MDL-NR-

PDH model that takes into account three different effects
explaining SPE systems: the contribution of a mixing of

polymer and salt based on the modified double lattice

(MDL) model [20], the nonrandomness contribution based

on the expression proposed by Panayiotou et al. [21], the

long-range interaction contribution using the Pitzer–Debye–

Hückel expression [22]. Helmholtz free energy of mixing

for the binary polymer solution is defined as the sum of the

three contributions

DAZDAMDL CDANR CDAPDH (1)

where
DAMDL:
 Helmholtz energy of modified double lattice

model
DANR:
 Helmholtz energy of local composition model of

Panayiotou et al.
DAPDH:
 Helmholtz energy of Pitzer–Debye–Hückel model
The chemical potential which is derived from differ-

entiating Helmholtz free energy for each compound is given

as follows:

The mixing contribution (MDL) [23] for salt is
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where fi is the segment fraction of component i, fiZNiri/

Nr, Nr Z
Pm

i Niri
� �

is the total number of segments in the
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system and ri is the segment number of component i, 1 (salt)

and 2 (polymer). Cb and Cg are universal constants having

0.1415 and 1.7986, respectively. Reduced interaction

parameter, ~3, is defined by

~3Z
3

kT
K

X
i

DAsec;ii

NiikT

� �
K2

DAsec;ij

NijkT

� �" #
(4)

Helmholtz energy of mixing for the secondary lattice,

DAsec,ij, is given by

DAsec;ij

NijkT
Z

2

z
h ln hC ð1KhÞlnð1KhÞC

zCad~3ijð1KhÞh

1CCad~3ijð1KhÞh

� �
(5)

where Nij is the number of i–j pairs, d~3ij is the reduced

energy parameter contributed by the oriented interactions

and h is the surface fraction permitting oriented interactions

and Ca is a universal constant of 0.4881.

The nonrandomness contribution (NR) is

Dmi

kT

� �
NR

Z
zqi
2

ln Gii (6)

where the surface factor zqi is calculated from

zqi Z riðzK2ÞC2 (7)

For the binary solution, the nonrandomness factor between

i–j pairs in Eq. (6), Gij, is given by [21]

G12 Z
2

1C ½1K4q1q2ð1KG12Þ�
1=2

(8)

where qi is the overall surface area fraction of component i

defined as qihNizqi/Nzq and the energy factor G12 is defined

by

GijhexpðaDd~3Þ ðDd~3Z d~311 Cd~322 K2d~312Þ (9)

where Ni and N represent the number of component i and the

total number of molecules, respectively. As mentioned in

the previous work [19], a is introduced to represent the

degree of nonrandomness. Additional correlation to define

the nonrandomness factor is given by

Gii Z
1K

P
jsi qjGij

qi
(10)

where Gij (isj) are considered to be independent variables.

Substitution of Eq. (10) into Eq. (7) corresponds to

Guggenheim’s molecular treatment [24].

A long-range electrostatic contribution is

mGZm0
GCvRT lnðgGxÞ (11)

where vi is the stoichiometric coefficient and v is defined as

vZvCCvK. From the definition, the mean activity ðavGÞ and

the activity coefficient of component i (ai) are

avGZ a
vC
C avKK ; ai Zgixi (12)

The expression of the activity coefficient for a solvent
(for polymer in this case) is

ln gel
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and for an ion i is
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where Ax is the usual Debye–Hückel parameter and Ix is the

ionic strength given by

Ax Z
1

3
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xi and zi are the mole fraction and the charge number of i

component, respectively. The closest approach parameter,

r*, is defined by

r� Z r0

2!106e2NArs

ms3o3skT

� �1=2

Z
Bx

T1=2
(16)

where
ro:
 the hard core radius
e:
 the charge of electron
NA:
 Avogadro’s number
3o:
 the permittivity of vacuum
3s:
 the relative permittivity of solvent
ms:
 the solvent molecular weight
rs:
 the solvent density
The resulting equation for gi of a specific ionic

component i of charge zi has one adjustable model

parameter, r*. Pitzer’s recommendation for multi-com-

ponent systems where r* varies with the mole fraction, is

either to take a fixed average value for r* or to treat it as a

fitted parameter [25].
2.2. The melting point depression theory

In a semi-crystalline system, the condition of equilibrium

between a crystalline polymer and the polymer unit in the

solution may be described as follows [18]

mc
u Km0

u Zmu Km0
u (17)

where mc
u, mu, and m0

u are chemical potentials of crystalline

polymer segment unit, liquid (amorphous) polymer segment

unit and chemical potential in standard state, respectively.

Now the formal difference of appearing on the left-handed

side is expected as follows:

mc
u Km0

u ZKDHuð1KT =T0
mÞ (18)

where DHu is the heat of fusion per segment unit, Tm and T0
m
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are melting point temperatures of the species in a mixture

and a pure phase, respectively. The right-handed side of Eq.

(18) can be restated as follows:

mu Km0
u Z
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� �
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(19)

where V1 and Vu are the molar volumes of the salt and of the

repeating unit, respectively. By substituting Eqs. (18) and

(19) into Eq. (17) and replacing T by Tm,2, the equilibrium

melting temperature of mixture is given by
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The subscripts 1, 2 and u refer to the salt, the polymer,

and polymer segment unit, respectively. Similarly, we

obtain for the salt (component 1)
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K
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Substituting Eqs. (3), (6) and (11)–(20) gives the

equilibrium melting temperature of the polymer as
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and substituting Eqs. (2), (6) and (11) into (21) gives that of
the salt as
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2.3. Ionic conductivity

For binary diffusion in gases or liquids, the generalized

Fick’s equation for heat and mass is as follows [26]:

J�A Z

KcDAB xAV ln aA C
1

cRT
½ðfA KuAÞVp

�

KruAuBðgA KgBÞ�CkTV ln T

� (24)

This equation represents that the thermodynamics of

irreversible processes dictates using the activity gradient

as the driving force for concentration diffusion. This

requires a diffusion coefficient different from Fick’s first

law. When the pressure-, thermal-, and forced-diffusion

terms are dropped, Eq. (24) for binary electrolyte is

simplified by

J�s ZKD�CsV ln as (25)

where D*, Cs and as are self-diffusion coefficient, concen-

tration and activity of salt, respectively. This may be

rewritten by making use of the fact that the activity is a

function of concentration to obtain

J�s ZKD�Cs

d ln as

dCs

� �
VCs (26)

When comparing Eq. (26) with the original Fick’s equation,

J�s ZKDsVCs, this is related to the measured diffusion

coefficient Ds (based on a concentration driving force) by

[26]

Ds ZD� d ln as

d ln cs

� �
(27)

where D* characterizes the component mobility in the
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absence of any interactions in the given system [27]. This

may be rewritten by the fact that the activity is related to the

chemical potential by ln aZDm/RT

Ds ZD�Cs

d Dms

RT

� �
dCs

(28)

The transport of cations in solvent-free polymer

electrolytes differs from that of systems based on molecular

liquids or low molar mass polymers. In the latter systems,

ions can move together with their co-ordinated solvent, but

in the case of high molecular weight polymers the centre of

gravity of the chain cannot be moved significant distances.

For electrolytes using high molecular weight polymers,

cation transport does not only occur in conjunction with

polymer diffusion but lithium ion transport also occurs as a

result of segmental motion [28]. Since cations move across

co-ordinating sites which are made up of the acid–base

interactions between solvent and solute molecules, diffusion

of cation must be taken into account with effective co-

ordinated polymer units. To express this co-ordinating effect

in the conductivity model, the chemical potential in Eq. (28)

is replaced by the sum of chemical potentials of salt and

effective co-ordinating polymer units, which is given by
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Z
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where leff is the effective co-ordinated units of polymer. A

mathematical form of l0 euCs is adopted for leff based on the

exponentially lowering coordinating units, where l0 and u

are adjustable model parameters, respectively.

This in turn yields, using the Nernst–Einstein relation-

ship for multi-component system, the conductivity equation
Fig. 1. Phase diagram for the PEO/NaCF3SO3 system. The dark circles are

experimental melting point data reported by Pai et al. [29]. The solid lines

are calculated by the proposed model, the dashed lines by the MDL model

and the dotted line by the Flory–Huggins theory.
for SPE having the form as:

sZ
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X
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where F is a Faraday constant. Since we assume that the

phase at the given condition is binary system of polymer and

salt, the moving object is salt itself instead of cation. If the

charge effect of each ion remains for the ion interactions,

this assumption makes Eq. (30) a simple form
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X
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Substituting Eq. (29) into Eq. (31) gives the final ionic

conductivity equation for SPE systems
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Fig. 2. Transport properties of PEO/NaCF3SO3 system: (a) Diffusion

coefficient, (b) ionic conductivity at 358.15 K. The dark circles are

experimental data reported by Yanping et al. [30], and the lines are

calculated values using the proposed model.



Table 1

Physical properties of PEO and salts

T0
m (K) DH (J molK1) MW (g molK1) Density (g cmK3) Vu (cm3 molK1)

PEO 338.15 6798.00a 5,000,000 1.21 36.6

338.15 8284.32a 900,000 1.21 36.6

NaCF3SO3 527.15 10433.72 172.06 1.13 36.0

LiClO4 509.15 14600.00 106.39 2.43 43.8

LiAsF6 525.63 57188.20 195.85 2.65 73.91

a J unitK1.

Table 2

Chemical potential parameters for PEO/salt system

3/k (K) d312/k (K) Bx (K1/2)

PEO/NaCF3-

SO3

K102.730 2,080.172 22,510.160

PEO/LiClO4

(wt% 0.2–0.29)

1,366.780 K1,419.710 5,183.140

PEO/LiClO4

(wt% 0.29–)

1,157.231 K1,547.080 52,750.057

PEO/LiAsF6 1,325.359 K1,776.722 3,024.513
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where the chemical potentials are given by
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3. Results and discussion

Fig. 1 shows the phase diagram of PEO (MwZ
5,000,000 g molK1)/NaCF3SO3 system. Dark circles are

experimental data reported by Pai et al. [29] and solid lines

are calculated by the MDL-NR-PDH model. The polymer

(lower solid line) and crystalline complex (upper solid line)

melting curves are calculated from Eqs. (22) and (23),

respectively. We let the number of the salt segment, r1, be a

unity and calculate the number of the polymer units, r2,

using specific volumes V1 and V2 for solvent and polymer,

r2 Z
M2V2

M1V1

(35)

where M1 and M2 are molecular masses for salt and

polymer, respectively. We set hZ0.3 and zZ6 as suggested

by Hu et al. [27] and set the nonrandomness parameter, a,

0.03 [19].

Table 1 gives physical properties of PEO and salts and

the model parameters are listed in Table 2. The estimated

eutectic point at the intersection of the two curves is wt% of

saltz0.05. Dashed and dotted lines are calculated from the

MDL model [20] and Flory–Huggins (F–H) theory [18],

respectively. As seen in the figure, the present work (solid

line) describes the experimental data very well compared to

those of other models.

Fig. 2 shows transport properties of PEO/NaCF3SO3

system. The dark circles are experimental data reported by

Yanping et al. [30] and the lines are calculated by the

proposed model. To differentiate chemical potential with

concentration, the salt concentration is calculated from the

salt mass fraction as follows:

C1 Z
r1w1

M1

(36)



Table 3

Diffusion and co-ordinated unit parameters for PEO/salt systems

D* (cm2 sK1) l0 (–) u (cm3 molK1)

PEO/NaCF3SO3 1.596!10K7 1.254 K14.354

PEO/LiClO4 338 K 7.475!10K8 6.602 53.835

358 K 2.932!10K7 14.750 K261.319

378 K 5.525!10K7 12.491 K229.923

398 K 8.171!10K7 9.686 K184.65

PEO/LiAsF6 338 K 1.165!10K7 24.839 K437.761

358 K 4.818!10K7 24.613 K435.052

378 K 1.322!10K6 21.909 K392.936

398 K 2.670!10K6 17.988 K324.014
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where w1 is the weight fraction of salt. The density of salt,

r1, is given by

1

r1

Z
1

r0
2

Cw1

V1

M1

K
1

r0
2

� �
(37)

where r0
2 is the density of pure PEO. In Fig. 2(a), the

measured diffusion coefficients are fitted using Eq. (29).
Fig. 3. (a) Phase diagram and (b) ionic conductivity of PEO/LiClO4 system.

Experimental data are reported by Robitallie et al. [31]. Lines are calculated

by the proposed model.
Model parameters are determined and listed in Table 3. In

this case, the co-ordinated unit parameter, leff, is nearly a

unity, meaning that, at the given temperature, the

PEO/NaCF3SO3 system has nearly one-to-one bonding

between the salt and the polymer unit. Using Eq. (32) with

previously determined model parameters, the ionic conduc-

tivity of the given system is calculated as a function of salt
Fig. 4. (a) Phase diagram and (b) ionic conductivity of PEO/LiAsF6 system.

Experimental data are reported by Robitallie et al. [31] and the lines are

calculated by the proposed model.
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weight fraction. As can be seen in Fig. 2(b), calculated

values agree fairly well with experimental data.

Fig. 3 shows the phase diagram and the ionic conduc-

tivity of PEO/LiClO4 system. Dark circles are experimental

data reported by Robitallie et al. [31] and the lines are

calculated by the proposed model. There is a leap point in

the crystalline complex melting curve at wt% of salt z0.29.

As shown in Table 2, the energy parameter values, 3/k and

d312/k, are similar for two different salt wt% region. The

closest approach parameters, Bx, however, differ by one

order, meaning that the lower salt concentration part is more

closely packed than those of higher salt concentration

region. By using these parameters the ionic conductivity

was fitted for each isothermal data to give the diffusion and

co-ordinated unit parameters (Fig. 3(b)). At 338 K, the fitted

values agree well with the experimental data, but there are

some deviations in dilute region.

Fig. 4 shows the phase diagram and the ionic conduc-

tivity for PEO/LiAsF6 system, in which the experimental

data are reported by Robitallie et al. [31]. In Fig. 4(a), the

proposed model agrees well with the experimental data in

the entire region and the estimated eutectic point is wt% of

salt z0.18. In Fig. 4(b), the proposed model agrees well

fairly with the ionic conductivity data in the entire region.

The decrease at wt% of salt z0.1 may represent the change

of the phase. In this case, the electrolyte instability makes it

impossible to define the variation of the ionic conductivity

for wt% of salt O0.35 properly [31].
4. Conclusion

We introduced two ideas in the ionic conductivity model:

one is the concentration dependence of the diffusion

coefficient expressed by differentiating chemical potential

with concentration and the other is the polymer segmental

motion by introducing the effective co-ordinated unit

parameters. The former relates the phase behavior of the

given system to the diffusion and the ionic conductivity, and

the latter explains why the ionic conductivity decreases

sharply beyond certain wt%. The calculated values using the

proposed model agree well with the experimental data for

systems of PEO/ sodium or lithium salts.
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